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Abstract: We prove that in the hmit when its insertion points become pairwise 
null-separated, the ratio of certain n-point correlation functions in A/" = 4 SYM 
is equal to a supersymmetric Wilson loop on twistor space, acting in the adjoint 
representation. In the planar limit, each of these objects reduces to the square of the 
complete n-particle planar superamplitude. Our proof is at the level of the integrand. 



1. Introduction 



Over the past few years, there has been much interest [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] 
in a correspondence between planar scattering amphtudes in A/" = 4 Super Yang- 
Mills (SYM) and the planar limit of the correlation function of a Wilson loop in the 
fundamental representation, stretched around a piecewise null polygonal contour in 
Minkowksi space. 

In [11, 12], we showed that the planar integrand of a supersymmetric Wilson loop 
in twistor space, taken in the fundamental representation, agrees with the integrand 
of the planar scattering amplitude - including all N'^MHV partial amplitudes to all 
orders in the 't Hooft coupling, divided by an overall factor of the MHV tree am- 
plitude. In [11], this correspondence was conjectured, with the supporting evidence 
that the Feynman diagrams of the Wilson loop correlator (computed using the twistor 
action [13] for A/" = 4 SYM in axial gauge) explicitly reproduce the standard MHV 
diagram expansion for scattering amplitudes [14, 15, 16, 17]. In [12] the conjecture 
was proved by using a twistor version of the Migdal-Makeenko equations to show 
that the Wilson loop planar integrand obeys the all-loop extension of the BCFW 
recursion relation for the integrand of the planar scattering amplitude [18]. Closely 
related work was performed by Caron-Huot [19] from the space-time perspective. 

In a very interesting series of papers [20, 21, 22] Alday, Eden, Korchemsky, Mal- 
dacena and Sokatchev have suggested a remarkable extension of the correspondence 
between Wilson loops and scattering amplitudes to include correlation functions. 
More specifically, these authors conjecture that 

^li+l^O (j-V^-'I^Xi, ■ ■ ■ , Xn) 

where VFadj[7] is a (non-supersymmetric) Wilson loop in the adjoint representation 
(normalised so that its leading term is 1), taken along the null polygonal contour 

7 = (xixa) U (X2X3) U ■ ■ ■ U (x^Xi) (1.2) 

that appears in the limit when adjacently labelled insertion points in the correlator 

n 

G{xi,...,xn) = {l[0{x,)) (1.3) 

1=1 

become null separated. (1.3) is the n-point correlator of a local, gauge invariant 
operator such as the 1/2 BPS operator 

Oabcd = Tr($,6$,,) - le„,,^Tr(r^<l>,;) (1.4) 

and in (1.1), G^^\xi, . . . , Xn) is the same correlator at tree level only. The ratio 
G/G^^^ and the Wilson loop expectation value are each divergent in the limit xf — 
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0, so to compare both sides one must either work with a regularised scheme such 
as dimensional regularisation, or else carefully consider the limiting behaviour of the 
correlator and limiting behaviour of a Wilson loop on a nearby, non-null curve. These 
approaches were each considered in [20]. 

Importantly however, [22] further conjectured that, as for the scattering ampli- 
tude/Wilson loop correspondence, this new correspondence should hold already at 
the level of the integrand}. The integrands may be viewed as the sum of all Feynman 
diagrams that contribute to the correlator before the locations of any interaction 
vertices - z.e., the loop integrals - are performed. The integrand is thus a rational 
function of the locations of both the operator insertions and any interaction vertices. 

The contour 7 that appears in the limit xf^j^-y — is the same piecewise null 
curve that plays an important role in scattering amplitudes, so this story should 
be naturally related to the scattering amplitude / fundamental Wilson loop corre- 
spondence. In the planar limit, the correlation function of an adjoint Wilson loop 
reduces to the product of correlators of a fundamental and anti- fundamental Wil- 
son loop. In a CPT invariant theory these two factors are equal, so if the above 
conjectured relation between correlators and adjoint Wilson loops could be proved, 
it would follow immediately from the proof of [12] that - in the planar limit - the 
ratio of correlation functions in (1.1) is also given by the square (AmhvMmhv)^ 
the ratio of the all-loop MHV amplitude to the MHV tree. 

The aim of this paper is to prove the above conjectures to all orders in g^ at 
the level of the integrand, using twistor theory. As for the amplitude / Wilson loop 
correspondence, one of the main advantages of performing the calculation in twistor 
space is that it the supersymmetric extension may be handled straightforwardly. In 
twistor space the fundamental A/" = 4 SYM multiplet may be described off-shell by 
the superfield^ 

A{z, z, X) = <z, z) + x"7a(^, z)+ ■■■ + x'xWgiz, z) (1.5) 

introduced by Ferber in [23] and exploited to great effect by Witten in [24]. The 
coefficient of (x)"^ in (1.5) is a smooth (O,l)-form on CP'^'^, homogeneous of degree 
— m. The linearised field equations in twistor space state that A is holomorphic in 
Z, whereupon the component fields correspond to the linearised on-shell TV = 4 su- 
permultiplet in space-time. However, we repeat that A{Z, Z, x) is first and foremost 

^Thc notion of the integrand was introduced in [18] in the context of planar scattering amplitudes. 
It does not make sense for arbitrary n-point correlation functions, as there is no way to compare 
different contractions between gauge invariant operators. However, it is meaningful in (1.1) precisely 
because only one way of contracting the fields survives in the limit of null separation. 

^In this paper we use (Z", x") to denote homogeneous coordinates on CP'^'^. We shall sometimes 
write Z'^ = (A^,/i^ ) in terms of two 2-component spinors ^ and A. In Penrose conventions, this 
would be a dual twistor. 
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an off-shell field in twistor space. We shall see that writing twistor expressions in 
terms of this superfield provides a natural supersymmetrization of both sides of the 
correspondence (1.1), such that the ratio of n-point correlators of certain supermul- 
tiplets corresponds to a certain supersymmetric Wilson loop. This supersymmetric 
twistor Wilson loop is exactly the same object that appeared in [11, 12], except that 
in this case it acts in the adjoint representation. Thus, as a consequence of the super- 
amplitude / supertwistor Wilson loop correspondence proved in [11, 12], the ratio 
of correlation functions involving our supermultiplet reproduces the square of the 
complete ra-particle planar S-matrix (for arbitrary helicity configurations), divided 
by the MHV tree. 

In [25] the authors proposed that the correspondence between appropriately su- 
persymmetrized correlation functions and amplitudes should be more robust than 
that between supersymmetric Wilson loops and amplitudes. Our proof [11, 12] of 
the Wilson loop / scattering amplitude integrand correspondence directly gives rise 
to the proof of the supersymmetric correlation function / scattering amplitude cor- 
respondence in this paper. We therefore see that the approaches are not so very 
different. 

Note added: A space-time argument also relating the null-separation limit of cor- 
relators of supermultiplets to adjoint Wilson Loops was given in [26], which appeared 
on the arXiv simultaneously with the present work. 



2. Gauge Invariant Local Operators in Twistor Space 

Our first task is to construct the operator in twistor space that corresponds to the 
local, gauge invariant space-time operators (1.4) or (3.1). The details of the R- 
symmetry representation are not important at this stage, so in this section we con- 
sider a generic operator of the form 0{x) = Tr($^). 

We build up the twistor operator in stages. Firstly, consider a single scalar 
field $(a;) in an Abelian theory (so that $ is gauge invariant). A basic fact of 
twistor theory is that any such field that obeys its e.o.m. □$ = corresponds to a 
cohomology class [(f)] in twistor space that may be represented by a (O,l)-form (piZ) 
of homogeneity —2 under under a rescaling of Z. Concretely, the Penrose transform 
states that 



where X is the CP in twistor space that corresponds to the point x in space-time. 




(2.1) 



/i 



A' 




= O^'^Xa 



(2.2) 
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(although we are ignoring the supersymmetric coordinates in this section) and is 
taken as a homogeneous coordinate along X. As a simple example, if 

^iZ,Z) = -^d(-^) (2.3) 



A-Z \B-Z^ 

then setting = —ix^'^'Xa one finds that $(x) oc l/{x — yY on space-time, where 
y corresponds to the CP^ in twistor space given by the intersection of the planes 
A-Z = and B-Z = 0. (See e.g. [27] for a discussion of (2.3) using contour integrals.) 
Thus, in an Abelian theory^ 

$2(x) = y (A dA) A (A'dA') A 0(Z) A 0(Z') (2.4) 

XxX 

where Z and Z' are each restricted to the same Riemann sphere X, but their locations 
along X are integrated over separately. 

The key point here is that the local space-time operator corresponds to a non- 
local operator on twistor space. Because of this, if $ is in the adjoint representation 
of a non-Abelian group, we cannot construct the twistor operator simply by taking 
the trace of (2.4). 

In twistor space, non-Abelian gauge fields are described by a complex vector 
bundle E — )■ CP'^ that has vanishing first Chern class. Such an E is topologically 
trivial on restriction to any CP^ - a necessary condition if we wish to describe a 
space-time theory where X corresponds to a point. Thus one can (generically^) find 
a holomorphic frame for E\x', that is, a gauge transform h{x, A, A) on X such that 

h-^ o{d + a)\^oh= (2.5) 

where d + a is the covariant d-bar operator on E. 

To compare the adjoint- valued field at Z G X with that at Z' G X, we work in 
the trivialisation of i?|x defined by h, so that 

Tr($2)(a;) = y (A dA) A (A'dA') A Tr {h~^(j)h A h~^(j)h) , (2.6) 

XxX 

where the first factor of h~^(j)h is evaluated at A and the second at A'. This use of 
holomorphic frames was an important ingredient in the construction of the twistor 
action for A/" = 4 SYM in [28, 13], and for individual fields is the standard extension 
of the Penrose transform to fields in a non-trivial representation of a gauge group [29, 
30]. 

^If the individual fields in 0{x) obey their equations of motion, their corresponding twistor 
fields should represent elements of the appropriate cohomology class, i.e., [(/)] G i?^(PT', 0(— 2)) 
for scalars. To consider off-shell fields in twistor space, we merely relax the condition d<f> ^ that 
is the (linearized) equation of motion for (p following from the twistor action (4.4). Off-shell, (f> is 
simply a smooth (0, l)-form. 

"^This holomorphic triviality of the bundle is generic and will always hold in perturbation theory 
around the trivial bundle when a has been assumed small. 
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Figure 1: In a non-Abelian theory, the twistor space form of the local space-time operator 
Tr involves holomorphic Wilson lines (or covariant propagators) on the Riemann sphere 
X. (The lines are intended to indicate only the colour flow; the propagation between the 
points is non-local on the sphere and not given by propagation along real curves.) 

It follows from (2.5) that h{x, A, A) itself obeys dh = —ah on X, and we introduce 
the notation 

f/x(A, A') = h{x, X)h~\x, A') (2.7) 
for the unique solution of this equation that obeys the boundary condition 

^x(A,A')|a=a'=I. (2.8) 

This normalised holomorphic frame is exactly the same object that appears in the 
(as yet, non-supersymmetric) twistor Wilson loop in [11, 12]. As explained in those 
papers, f/x can be written in terms of the twistor field a as the Born series 

f/x(A, A') = = P (- ^ ^^.A' ^ • (2.9) 

(In the first of these expressions, the inverse d operators are understood to act on 
everything to their right. In the second, these Green's functions are written as 
a meromorphic differential u on X. See [11, 12] for further details.) Using this, 
equation (2.6) becomes 

Tr($2)(a;)= y (AdA) A (A'dA') ATr(0(Z)[/x(A,A')0(^')f^x(A',A)) (2.10) 

XxX 

which may be interpreted as two insertions of the field connected together by 
a pair of holomorphic Wilson lines on X, each in the fundamental representation 
(see figure 1). In section 4, we will use the above twistor expression to prove the 
conjecture (1.1) to all loops at the level of the integrand. 



3. An Operator Supermultiplet on Twistor Space 

Before proceeding to the proof, in this section we first introduce a straightforward 
supersymmetric generalisation. For definiteness we consider the case of the Konishi 
operator 

0,c = Tr(r'$,,) . (3.1) 
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The twistor operator equivalent to Ofc was constructed using the (O,l)-form a(Z, Z) 
(as well as two powers of (t)ah)- From the perspective of A/" = 4 SYM on twistor space, 
a is just the lowest component of the superfield A[Z, Z, x) of (1-5), suggesting that 
we should instead consider the operator 

0(x,^)^e-- j (AdA)(ydA')Tr(^(Z)Ux(A,AO^(Z')Ux(A',A)) 

(3.2) 



XxX 



where 



-^-^ = ct>ai,{Z, Z) + ea,,dX'l\Z, Z) + ^e,,,,xV^?(^, Z) (3.3) 
is the bottom half of the supermultiplet. The operator 

Ux(A, A') = P exp (- ^^A,A' A (3.4) 

is built as in (2.9), but using the full twistor superfield A. X is now interpreted as a 
CP^ inside A/" = 4 supertwistor space CP^'^ and is associated to a point (x, 6) in chiral 
super space-time. Ux is thus a supersymmetric version of the holomorphic Wilson 
line along X. Exactly this Ux was used in [11, 12] to obtain the supersymmetric 
Wilson loop in the fundamental representation in twistor space that is dual to the 
full planar amplitude, not just the MHV sector. We shall see that it plays a similar 
role here. 

The rest of this section is devoted to proving that the operator (3.2) resulting 
from the naive replacement a i— ?■ ^ is indeed a well-defined, gauge invariant operator 
on twistor space. In fact, we shall see that it is the twistor form of the chiral half 
[i.e., ^ = 0) of the Konishi supermultiplet. It may seem surprising that we will be 
able to prove the correspondence (1.1) using the Konishi operator rather than the 
protected BPS operator. In particular, Ofc has anomalous dimensions which may 
be expected to provide further divergences, not balanced by the free-field correlator 
G'^°)(xi, . . . , Xn) in the null separation limit. Indeed, if one attempts to construct the 
correspondence (1.1) at the level of the integrated objects then, as discussed in [20], 
one must account for these additional, sub-leading divergences (whose detailed form 
depends on the exact field content of the non-protected operators). However, we shall 
show in the following section that, if one compares only the integrands and takes the 
null separation limit at this level, then no such correction factors are necessary. Of 
course, we could equally consider the twistor space form of the chiral part of the 
supercurrent multiplet containing (1.4), but we think it is interesting to see that the 
correspondence (1.1) holds for a much wider class of operators, if taken at the level 
of the integrand. 
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To check that (3.2) is just the chiral part of the Konishi multiplet, begin by 
recaUing from [11, 12] that Ux(A, A') is defined to be the unique solution of 

{d + A)\^\Jx = (3.5) 

on the fine X in supertwistor space that is the identity when A = A'. As in (2.7), the 
supersymmetric U can be written as 

Ux(A, A') = H{x, e, A, X)H^\x, 6, A', A') (3.6) 

in terms of an arbitrary holomorphic frame H that now depends on O"^"". Because A 
depends on 9 only through its dependence on x, X'^dAaA = 0, where dAa = d/dO^"-. 
Differentiating (3.5) thus gives 

{d + A)\^{\^dAa^)=Q (3.7) 

ensuring that U~^(A"^9AaU) is globally holomorphic on X (here and in the following 
we are holding A' constant). This expression clearly has homogeneity +1 through its 
dependence on A, and the only globally holomorphic objects of homogeneity 1 are 
linear in A, so we must have 

\]~\\^dAa^)=\^TAa{x,e) (3.8) 

for some TAa{x, 9) and one finds that DAa = dAa + ^Aa transforms as a connection 
in the 9 direction. It follows from the construction that X^Dau = 0, so this 
connection satisfies the integrability condition 

{DaiA,DB)b} = 0. (3.9) 

Hence the only nontrivial part of its curvature in the fermionic directions is Wab d^^d6'^ 
where 

Wab = dA[aT^] + {Ti,T^,} (3.10) 

is a Lorentz singlet, antisymmetric in the i?-symmetry indices. This connection in the 
9 directions and corresponding curvature (together with the integrability conditions 
(3.9)) are perhaps best understood as the odd part of the ^ = part of the space- 
time superconnection [31, 32]. However, a key point is that, unlike the bosonic part 
of the superconnection in [11], to obtain Wab we did not need to impose any part of 
the twistor space field equations. 

The formula for Wab simplifies considerably once we realise that, since U is the 
identity when A = A', equation (3.8) implies X'^^TAa = so that Tag = A'^F^ for 
some fermionic scalar ra{x,9). Therefore, with our choice of initial condition for 
the holomorphic frame U, the second term in (3.10) vanishes and Wab = dA[a^\j = 

X'^dAla^b] ■ 
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We now obtain a formula for ra{x,6) and yVab{x,0) directly in terms of the 
twistor field A. Since U always obeys (3.5), we have 

X 

where, A is evaluated at A G X. Differentiating with respect to 6 and integrating 
the d{d\J/d9) term by parts and using the fact that A depends on 9 only through 
X, one finds 

^"<^''^''- ^<^"^'><^^^U(A",A)fA.|4V(A,A'). (3.12) 



86^'^ J (A"A) (AA') ' \ dx"" 
and so from (3.8) we have 

^U,V,A)Mu(A,V). 



(3.13) 



Using the facts that Wat = ^"^dAiJ^b] and that A''^9^aU(A, A') = 0, one readily finds 
that the odd-odd supercurvature is 

Wab = d^TAb = - j (AdA) AU(A',A)^^^U(A,A') (3.14) 

X 

when expressed on twistor space. Expanding to second order in the fermionic com- 
ponents using equation (3.3) we find 

Wab = ^ab + eabcdO'^i^i + ^^ O"'' G Ab) " [$a(c, ^d)bW^ei + 0{e^). (3.15) 

The integrability conditions (3.9) ensure that only space-time fields {(^ab,^%G ab} 
appear in the expansion. Therefore this operator contains the chiral half of the 
A/" = 4 vector multiplet. 

We are now in position to interpret the twistor operator (3.2) more invari- 
antly. Using the concatenation property U(Ai, A2)U(A2, A3) = U(Ai, A3) that follows 
from (3.6), we have^ 

o{x,e) = e''^'''i:iWab')^cd 

,,,,, ,,5U(A)' 



^abcd j (AdA)(A'dA') ATr 

XxX 



(3.16) 



^In Lorentzian signature, one imposes the reality condition e°'"^'^Wcd = ff"'^fl'"^Wgj, where g^j, 
is an Hermitian metric that preserves an SU(4) subgroup of the complexified i?-symmetry group 
SL(4; C). Since the integrand is a rational function, there is no need to impose any reality condition 
on the multiplet at this level. 
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so that (3.2) is the twistor form of the trace of the square of the odd-odd curvature 
on chiral super space-time. This operator is by construction invariant under both 
gauge transformations and the chiral half {Q and S) of the superconformal algebra. 
Since our construction did not impose any field equations, these properties hold even 
off-shell. Using the component expansion of the fermionic curvature (3.15), we find 

0(x, 6) = Tr (r'$,,) + 2e,,,,^^^Tr (r'^'l) + e.^^d^^^^'^Tr {^"'Gab) 

- ^r^^lTr (r'[$,(„ - 4e,;„,r^e^^Tr + 0{e^), (3.17) 

and one may identify 0{x, 9) with the usual Konishi supermultiplet at ^ = 0. This 
chiral part of the multiplet is not invariant under off-shell anti-chiral supersymmetry 
transformations [Q and S) - indeed, repeatedly acting on Tr WabW"'' with Qs would 
fill out the full Konishi supermultiplet. However, in studying the correspondence at 
the level of the integrand, only the chiral part plays a role. 



4. Proving the Correspondence 

In this section, we prove (the supersymmetric version of) the conjectures of [20, 21, 
22]. More precisely, the statement we shall prove is the following: 

In the limit that both xf ^j^^ — )■ (so that {xi — x^+i) — )■ A^Aj for some null vector 
AjAj) and {Of'^ — 6f^i)\iA — 0, the ratio of n-point correlators 

g(xi,gi;...;x„,^„) ^ (O|0(xi,gi)--- 0(x„,g„)|O) 

is equal at the level of the integrand to the correlator 

^^^(TrAdjPexp(-^a;A^) > (4.2) 

of the supersymmetric twistor Wilson loop, in the adjoint representation, around the 
curve C G CP^''^ that corresponds to the null polygon 7 in chiral super space-time 
(see figure 2). 

By ^ at the level of the integrand^ we mean that we allow all possible Feynman 
diagrams (to all loops, planar and non-planar) coming from contracting the operators 
with arbitrarily many vertices from the action, but we do not perform the integrals 
over the locations of these vertices. As in [22] , we assume that all such vertices are 
at generic locations and in particular that they are not null separated from any of 
the insertion points Xi. 

Note that the denominator of (4.1) involves the tree-level correlation function 
of the non-supersymmetric operator Tr$ab$°'' = Tr W"'' | only. For arbitrary 
insertion points, this term is given by 

G^^\xi, . . . , Xn) = —2 — 2 2 — other permutations , (4.3) 
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Figure 2: The n generic points {x,9) correspond to n lines (CP^s) in CP^'^. In the hmit 
that {xi — Xj+i) — )• XiXi and 6i — 6*4+1 — ^ ??iAj, these hnes intersect in supertwistor space, 
forming a nodal curve C. 

where m is a numerical constant that cancels in the ratio. The displayed term is 
the leading term as xf^_^_i — ?■ for all i. Its presence in the denominator of (4.1) 
means that only those numerator terms that are (at least) as divergent survive in 
the integrand when the limiting configuration is reached. 

We now consider the numerator. While it is perfectly possible to proceed on 
space-time using (3.16), it is more convenient to work with the twistor form (3.2). 
This equation expresses 0{x, 6) in terms of twistor fields, so to compute its correlation 
function we must use the twistor action of A/" = 4 SYM [13] 

S[A] = j D^^^Z A Tr (^^AdA + ^A""^ + j d^l^x logdet {d + A)^ (4.4) 

Cp3|4 M 

that contains a holomorphic Chern-Simons theory plus an infinite sum of MHV 
vertices, each supported on some X C CP'^'^ corresponding to the location of the 
vertex in space-time. This sum of MHV vertices is equivalent under a gauge transform 
on twistor space to the non self-dual part of the space-time J\f = 4 Lagrangian of 
Chalmers & Siegel [33] and are the chiral Lagrangian insertions discussed in [22]. 
Eventually, the location of these vertices should be integrated over along some choice 
of real slice M of complexified space-time^, but in studying the integrand we wish 
to examine the behaviour of Feynman diagrams before carrying out these integrals. 
The genericity assumption on the space-time interaction vertices corresponds to the 
assumption that these MHV vertex lines do not intersect the lines Xj on which the 
operators 0{xi, 6i) are supported. 

Contractions between fields, either in the operator insertions or MHV vertices, 
are performed using the axial gauge propagator 

{A{ZyjA{Z')\) = ^'"(^*, Z') [6^,6^j - , (4.5) 

for the SU(A^) holomorphic Chern-Simons theory on CP'^''^, where Z^ is a reference 
twistor that defines the axial gauge. We take Z^ to be generic {i.e., we choose 

^The Grassmann integration is always performed algebraically. 
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not to lie on any of the operator insertion lines Xj). The projective delta-function 

5^\\Z,,Z,Z') = j ^^5^\\z, + sZ + tZ') (4.6) 

is superconformally invariant and has support where its three arguments are coUinear 
in the projective space. (See [34, 35] for an introduction to these projective delta- 
functions.) 

To obtain a non-zero correlator (even away from the limit), each of the 2n explicit 
powers of d'^Ajdy^ in the product of the n twistor operators (3.2) must be contracted. 
All contractions can occur either directly between fields on different'' lines Xj or via 
MHV vertices, which are the only vertices remaining in the twistor action in the axial 
gauge. The fields in the operator insertions include both the explicit powers of the 
d'^A/dx^ and arbitrarily many further powers of A from the expansion of the UxS. 
There are three classes of contraction to consider: 

1. Contractions between the operator insertion on some line Xj and fields in a 
(MHV) vertex from the Lagrangian, 

2. Contractions between the operator insertions on non-consecutive lines Xj and 
X,. 

3. Contractions between the operator insertions on consecutive lines Xj and Xj+i. 

We will see that the only terms which contribute to the integrand of the ratio (4.1) 
in the null limit come from this final class, where the explicit ff^A/dx^ insertions on 
consecutive lines are contracted. Note that Feynman diagrams that contribute to 
the anomalous dimensions of operators such as the Konishi are a subset of the first 
class. 

In what follows, we parameterize the line Xj by Za, + SiZ^. so that Sj is an 
inhomogeneous coordinate on Xj. The measure (AjdAj) then becomes {AiBi)dsi. It 
will also be useful to recall the definition of the 'R-invariant' - the standard chiral 
invariant of the superconformal group - which depends on five arbitrary twistors: 



[1,2,3,4,5] := / Zi + V.jZ 



(50|4((1234)x5 + cyclic) 
(1234) (2345) (3451) (4512) (5123) 



(4.7) 



where (1234) = eap^sZ^Zi^Z^Z^ etc., and the second line is obtained by integration 
against the bosonic delta functions, see [36] for details. 



^The implicit normal ordering of composite operators means that all contractions occur between 
fields inserted on distinct lines in twistor space (i.e., there are no contractions between fields on the 
same line). 
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Consider first a contraction between a field inside a holomorphic frame Ux; in 
one of tlie operator insertions and a field A in an MHV vertex supported on some 
line X=C + tD. Exactly the same calculation as in [11] shows that this contraction 
is 

j ^^p\\Z{s),Z,,Z{t)) = [A,B,,*,C,D] (4.8) 

Similarly, a contraction between an explicit power of d'^A/dx"'dx^ in the operator on 
the line Xj and a field A from MHV vertex yields 



rj2 

-[A,B„*,C,D] 



dXA^XB, 

5''\\XAXB^ * ZBi+,) + XBA*B^B,+iAi) + x*iZBi+,AiBi)+xiBi+iABi*) + XB.+MiBi * Z)) 

{ABiCD){DA,B,*){AB,*C) 

(4.9) 



Our genericity assumption guarantees that XflXj = even in the null limit, so none of 
the factors in the denominator of these R-invariants vanish. Therefore, contractions 
of this type do not provide a divergence in the integrand to balance the denominator 
of (4.1). Here it is important that we are considering taking the null separation limit 
already at the level of the integrand: Feynman diagrams involving MHV vertices may 
well lead to divergences once the location of this MHV vertex is integrated over - 
leading among other things to anomalous dimensions and operator mixing in the 
interacting theory - but they cannot supply the required divergence at the level of 
the integrand. 

In the same way, contractions between fields on non-adjacent insertion lines lead 
to the R-invariant [Ai,Bi,*, Aj, Bj] or derivatives thereof, depending on whether we 
contract fields in the holomorphic frames or the explicit d'^A/dx'^s. Since every four- 
bracket in this R-invariant remains non-vanishing as we take null separated limit 
between adjacent insertions, this class of contractions also remains finite. Thus, 
considering only contractions of the first two classes cannot lead to a divergence of 
the integrand that balances the denominator of (4.1). 

It is not surprising that, for the integrand to diverge, we must contract fields 
on adjacent lines. However, here there is a delicate point: the free-field correlator 
in the denominator (4.1) only knows about contractions between scalar fields at 
adjacent space-time points, whereas in the numerator, adjacent contractions could 
occur either between pairs of holomorphic frames, or pairs of d'^A/dx'^s, or between 
a holomorphic frame and a d'^A/dx^. Let us consider each case in turn, and carefully 
examine their behaviour as Xj and Xj+i are made to intersect. 

Firstly, contractions between two holomorphic frames on gives [Aj, i?j, *, Aj+i, i?j+i]. 
To study the behaviour of this object in the null separated limit, suppose Aj+i = 
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Bi + eZ for some twistor Z. In the limit e — > one finds^ 
lim [Ai,Bi,*,{Bi + eZ),Bi+i] 

e—^O 

{XAAB^ * ZB,^^) + XBX*B-^B,^iA,)+x.{ZB,+^A,B,) + x{B,+iA,B,*) + XB,^AArB, * Z)) 
' {ABi * Z) {B, * ZBi+^){*B,B,+^Ai) {ZB^+^A^Bi) {B^^^A^B^*) 

The overall factor of e comes from the ratio of from the fermionic numerator to 
from the bosonic denominator. Therefore such contractions actually vanish in the 
null limit due to cancellation between the supermultiplet. 

The only difference when considering contractions between the holomorphic 
frame and a d'^A/dx^ insertion, or between two d'^A/dx^ insertions on adjacent lines 
is that we must differentiate the R-invariant with respect to the fermions before 
taking the e — )■ limit. For the contraction involving a single holomorphic frame, 
from (4.9) we have 



lim 



^2 

[Ai,Bi,*,Ai+i,Bi+i] 



dxA.dxB, 



Ai + l—Bi 



(50|2(xA.(5, * ZBi+i) + XB,{*BiB,+iAi) + x.{ZBi+iABi)+x{Bi+iABi*) + XB.+MiBi * Z)) 



{ABiZBi+i){Bi+iA,B,*){ABi * Z) 

which, while non- vanishing, remain finite in the null separated limit, and depend on 
the direction in which null separation was approached. 

Equations (4.9) and (4.11) show that we cannot hope to balance the denominator 
of (4.1) if we contract the explicit insertions of d'^A/dx^ either with fields in an MHV 
vertex from the Lagrangian, or with holomorphic frames, even on an adjacent line. 
Nor can we balance the denominator using contractions between pairs of holomorphic 
frames. Thus, the only hope to obtain a non-vanishing result if null separation 
is taken at the level of the integrand is to have contracted the explicit d'^A/dx^ 
insertions with eachother on adjacent lines, without any intermediate MHV vertices 
or holomorphic frames. To see that this does provide the correct divergence, note 
that 

{AB,){A^,B,^,) j (A.dA.)(A.H.idA.+i) (^f^(^(^^))^^(^(^m)) 

XiXXi+i 



(4.11) 



{AiB.i){Ai+iBi+i) j ([si<lsi+i5'^{Ai + SiBi,Z^,Ai+i + Si+iBi+i) 
{AB,){Ai+iBi+i) 



^abcd 



{AiBiAi+iBi+i) {xi - Xi+iY 
(4.12) 

*To obtain this result, it is of course important that one sets Ai^i — Bi + eZ a,s a relation on 
the swpertwistors, ensuring that the lines intersect in CP"^'^. 
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Figure 3: The only non- vanishing contribution to the integrand ratio in the null limit 
comes from direct contractions between (j)s on adjacent Riemann spheres. The twistor 
propagators freeze the locations of the </>s on each Xj. In the limit that the lines intersect, 
these locations are the intersection points. The remaining operator is the supersymmetric 
twistor Wilson loop, acting in the adjoint. 

exactly as for the free correlator. 

This establishes that the only terms that survive in (4.1) when the null separation 
limit is taken at the level of the integrand involve contractions between each of the 
d'^A/ dxidx\ insertions with its neighbours on adjacent twistor lines. Once these 
explicit insertions have been contracted to balance the divergence in the denominator, 
the remaining fields in the holomorphic frames may contract in any way they wish - 
either with other holomorphic frames or using the MHV vertices in the interacting 
theory. We must now show that all these remaining contractions are equivalent to 
the integrand of the supersymmetric Wilson loop in the adjoint. 

To do so, note that the integrals in (4.12) were completely frozen by the two 
bosonic delta functions. Geometrically, this is the statement that, given a generic 
point e CP^ there is a unique line L through that intersects both Xj and 
Xj+i. Explicitly, L is the line through and the intersection of the plane (*, Aj, Bi) 
and the line (Aj+i, i?j_|_i). When we contract two field insertions on Xj and Xj+i, 
they are thus frozen to be at L fl Xj and L fl Xj+i, respectively. Now, clearly, in the 
limit that Xj and Xj+i are brought to intersect, L is simply the line through and 
their intersection point Xj fl Xj+i so that the arguments of the holomorphic frames U 
adjacnet to the contracted fields now coincide (see figure 3). The resulting product 
of holomorphic frames around the nodal curve is exactly the same supersymmetric 
twistor Wilson loop as found for the scattering amplitudes [11, 12] 



except now in the adjoint representation. Thus, all remaining integrand contributions 
to the limit of correlation functions (4.1) are inevitably equal to the integrands of 
this adjoint super Wilson loop. This completes the proof. 

The above correspondence between the integrands of a ratio of correlator func- 
tions of local, gauge invariant operators and the integrand of an adjoint Wilson loop 




(4.13) 
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is valid for an SU(A^) gauge group even at finite A^. However, in the planar limit of 
a CPT invariant theory 



(W^adjW) = (mundW) X (W^anti-fundW) = (Wf^nM)' ■ (4-14) 

Using the proof [12] of the correspondence between the fundamental twistor Wilson 
loop and the integrand of the scattering amplitude, we have as an immediately 
corollary that in the planar limit, the ratio of operators (4.1) is equal to the square 
of the integrand of the planar scattering amplitude (divided as always by the MHV 
tree). As in [11, 12, 19], this includes all loop corrections to the integrands of all 
N^MHV partial amplitudes^. 

Two special cases of this general correspondence are worthy of separate mention. 
First, if we return to the ratio of non-supersymmetric correlators, we obtain the 
adjoint twistor Wilson loop built purely from the non-supersymmetric field a{Z, Z). 
This non-supersymmetric twistor Wilson loop was shown in [11] to correspond to a 
standard, non-supersymmetric Wilson loop in space-time around the null polygon 
7. When taken in the fundamental representation, this Wilson loop computes the 
all-orders integrand for MHV amplitudes only. 

Second, if we consider the ratio 

CM)/'^, g.. -x 6 ) 

G<0)(.,. ....„) (^-1^' 

involving the supersymmetric operator, but computed in self-dual A/" = 4 SYM, in 
the super-null limit (xj — Xi+i)Aj — j- 0, {9i — 6'j_|_i)Aj — 0, we obtain the square of the 
n-particle scattering amplitude 

4(0) .(0) ^4 (0) 

71^(0) ^ 1 I ^NMHV I ^N^MHY , , MHV (4 1 (y\ 

^ 4(0) ^ 4(0) ^'"^ .(0) ^^-^"^ 
^MHV ^MHV ^MHV 

at tree level only. The corresponding statement in twistor space is that one computes 
the correlator ratio or Wilson loop using only the holomorphic Chern-Simons action. 
This truncation was already noted in [11, 12]. 



5. Conclusions 

We conclude with a few remarks. 

1.) The relationship between correlation functions of local, single trace opera- 
tors and adjoint Wilson loops is much closer than the relationship between planar 

^Of course, one must square the complete integrand of the planar super-amplitude - the sum of 
the tree plus all-loop corrections - and the compare the coefficients of a particular power of the 't 
Hooft coupling. 
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scattering amplitudes and fundamental Wilson loops. As we saw above, the for- 
mer correspondence is really valid at the operator level - even supersymmetrically 
- once understood in twistor space. By contrast, to prove the scattering amphtude 
/ fundamental Wilson loop correspondence requires that one actually evaluate the 
planar integrand on both sides independently, as was done in [12, 18]. Similarly, the 
correlation function / adjoint Wilson loop correspondence is true even for finite rank 
gauge groups, while the relation to scattering amplitudes only arises in the planar 
limit. The reason for this closer relationship is of course that the operator and ad- 
joint Wilson loop each live on the same space-time (or same twistor space), whereas 
this is not the space-time in which one performs the scattering experiment. (It is the 
dual conformal space-time.) 

2. ) There is obviously a great deal of freedom in the choice of 'basic' operator 
Tr$^. This certainly includes the R- symmetry representation of the scalars, but 
we could equally replace this operator by a bilinear in the gluinos (one of each 
helicity) or some more general choices of bilinear for each 0{xi) separately. The key 
criterion is simply that operators at null-separated points can be contracted pairwise 
around the chain using propagators. Different choices of operator would lead to 
different behaviour in the sub-leading divergences of any regularised version of this 
correspondence at the level of the integral. As explained, these sub- leading terms 
vanish at the level of the unregularised integrand in the strict null limit. 

3. ) In attempting to compare scattering amplitudes and fundamental null Wilson 
loops at the level of their regularised integrals, one encounters the difficulty that 
because they naturally live on different spaces, it is not immediately clear how a 
regularisation scheme applied on one side of the correspondence should translate 
to a regularisation scheme on the other. For example, computing both sides in 
4 — 2e dimensions, one needs to take e < for the amplitude, but e > for the 
Wilson loop [2], while the Wilson loop equivalent of the Higgs regularisation [37] 
of the amplitude is currently unknown. Perhaps the main interest of the present 
correspondence is that, because the correlator and Wilson loop live on the same 
space-time, the same regularisation scheme should be used for both objects. After 
taking the planar limit, this provides a definition of the regularised amplitude. 

Acknowledgments 

We thank Nima Arkani-Hamed, Simon Caron-Huot, Gregory Korchemsky, Emery 
Sokatchev and especially Juan Maldacena for helpful conversations. TA is supported 
by the NSF Graduate Research Fellowship (USA) and Balliol College. MB is sup- 
ported by an STFC Postgraduate Studentship. LM was financed in part by EPSRC 
grant number EP/F016654. DS is supported by the Perimeter Institute for Theoret- 
ical Physics. Research at the Perimeter Institute is supported by the Government 



- 16 - 



of Canada through Industry Canada and by the Province of Ontario through the 
Ministry of Research & Innovation. 

References 

[1] L. F. Alday and J. Maldacena, Gluon Scattering Amplitudes at Strong Coupling, 
JHEP 06 (2007) 064, [arxiv 0705.0303 [hep-th]]. 

[2] J. Drummond, G. Korchemsky, and E. Sokatchev, Conformal Properties of 
Four-Gluon Planar Amplitudes and Wilson Loops, Nucl. Phys. B795 (2007) 
385-408, [arXiv: 0707. 0243 [hep-th]]. 

[3] A. Brandhuber, P. Heslop, and G. Travaglini, MHV Amplitudes in N = A Super 
Yang-Mills and Wilson Loops, Nucl. Phys. B794 (2008) 231-243, 
[arXiv: 0707. 1153]. 

[4] J. Drummond, J. Henn, G. Korchemsky, and E. Sokatchev, Hexagon Wilson Loop = 
Six-Gluon MHV Amplitude, Nucl. Phys. B815 (2009) 142-173, [arXiv : 0803 . 1466 
[hep-th] ] . 

[5] C. Anastasiou, A. Brandhuber, P. Heslop, V. Khoze, W. Spence, and G. Travaghni, 
Two-Loop Polygon Wilson Loops in M = A SYM, JHEP 05 (2009) 115, 
[arXiv: 0902. 2245 [hep-th]]. 

[6] V. Del Duca, C. Duhr, and V. Smirnov, The Two-Loop Hexagon Wilson Loop in 
TV = 4 SYM, JHEP 05 (2010) 084, [arXiv: 1003. 1702]. 

[7] A. Goncharov, M. Spradlin, C. Vergu, and A. Volovich, Classical Poly logarithms for 
Amplitudes and Wilson Loops, arXiv : 1006 . 5703 [hep-th]. 

[8] A. Gorsky and A. Zliiboedov, Aspects of the M = A SYM Amplitude / Wilson 
Polygon Duality, Nucl. Phys. B835 (2010) 343-363, [arXiv: 0911 .3626]. 

[9] L. F. Alday, J. Maldacena, A. Sever, and P. Vieira, Y-system for Scattering 
Amplitudes, arXiv : 1002 . 2459 [hep-th] . 

[10] D. Gaiotto, J. Maldacena, A. Sever, and P. Vieira, Pulling the Straps of Polygons, 
arXiv: 1102.0062. 

[11] L. Mason and D. Skinner, The Complete Planar S-matrix of J\f = 4 Super Yang-Mills 
from a Wilson Loop in Twistor Space, JHEP 12 (2010) 018, [arXiv : 1009 . 2225]. 

[12] M. Bullimore and D. Skinner, Holomorphic Linking, Loop Equations and Scattering 
Amplitudes in Twistor Space, arXiv: 1101 . 1329. 

[13] R. Boels, L. Mason, and D. Skinner, Supersymmetric Gauge Theories in Twistor 
Space, JHEP 02 (2007) 014, [hep-th/0604040]. 



-17- 



[14] F. Cachazo, P. Svrcek, and E. Witten, MHV Vertices and Tree Amplitudes in Gauge 
Theory, JHEP 09 (2004) 006, [hep-th/0403047]. 

[15] H. Elvang, D. Z. Freedman, and M. Kiermaier, Proof of the MHV Vertex Expansion 
for All Tree Amplitudes in M = A SYM Theory, JHEP 06 (2009) 068, 
[arXiv: 0811. 3624]. 

[16] M. BuUimore, L. Mason, and D. Skinner, MHV Diagrams in Momentum Twistor 
Space, JHEP 12 (2010) 032, [arXiv : 1009 . 1854]. 

[17] M. Bullimore, MHV Diagrams from an All-Line Recursion Relation, 
arXiv: 1010.5921. 

[18] N. Arkani-Hamed, J. Bourjaily, F. Cachazo, S. Caron-Huot, and J. Trnka, The 
All-Loop Integrand for Scattering Amplitudes in Planar N = A SYM, 
arXiv: 1008.2958 [hep-th] . 

[19] S. Caron-Huot, Notes on the Scattering Amplitude / Wilson Loop Duality, 
arXiv: 1010. 1167. 

[20] L. F. Alday, B. Eden, G. Korchemsky, J. Maldacena, and E. Sokatchev, From 
Correlation Functions to Wilson Loops, arXiv: 1007.3243 [hep-th]. 

[21] B. Eden, G. Korchemsky, and E. Sokatchev, From Correlation Functions to 
Scattering Amplitudes, arXiv : 1007 . 3246 [hep-th] . 

[22] B. Eden, G. Korchemsky, and E. Sokatchev, More on the Duality Correlators / 
Amplitudes, arXiv : 1009 . 2488. 

[23] A. Ferber, Supertwistors and Conformal Super symmetry, Nucl. Phys. B132 (1978) 
55. 

[24] E. Witten, Perturbative Gauge Theory as a String Theory in Twistor Space, 
Commun. Math. Phys. 252 (2004) 189-258, [hep-th/0312171]. 

[25] A. Behtsky, G. Korchemsky, and E. Sokatchev, Are scattering amplitudes dual to 
super Wilson loops?, arXiv: 1103.3008. * Temporary entry *. 

[26] B. Eden, P. Heslop, G. Korchemsky, and E. Sokatchev, The 

super-correlator/super-amplitude duality I & II, 1103.3714 & 1103.4353. 

[27] R. Penrose and W. Rindler, Spinors and Space-Time, vol. 2. Cambridge University 
Press, 1986. 

[28] L. Mason, Twistor Actions for Non Self-Dual Fields, JHEP 10 (2005) 009, 
[hep-th/0507269]. 

[29] S. Huggett and P. Tod, An Introduction to Twistor Theory. Student Texts 4. London 
Mathematical Society, 1985. 



- 18 - 



[30] N. Hitchin, Linear Field Equations on Selfdual Spaces, Proc. Roy. Soc. Lond. A370 
(1980) 173. 

[31] E. Witten, An Interpretation of Classical Yang-Mills Theory, Phys.Lett. B77 (1978) 
394. 

[32] J. P. Harnad, J. Hurtubise, and S. Shnider, Supersymmetric Yang-Mills equations 
and supertwistors, Annals Phys. 193 (1989) 40. 

[33] G. Chalmers and W. Siegel, The Self-Dual Sector of QCD Amplitudes, Phys. Rev. 
D54 (1996) 7628-7633, [hep-th/9606061]. 

[34] L. Mason and D. Skinner, Scattering Amplitudes and BCFW Recursion in Twistor 
Space, JHEP 01 (2010) 064, [arXiv: 0903. 2083]. 

[35] T. Adamo and L. Mason, MHV Diagrams in Twistor Space and the Twistor Action, 
arXiv: 1103. 1352. 

[36] L. Mason and D. Skinner, Dual Superconformal Invariance, Momentum Twistors 
and Grassmannians, JHEP 11 (2009) 045, [arXiv : 0909 . 0250]. 

[37] L. F. Alday, J. Henn, J. Plefka, and T. Schuster, Scattering Into the Fifth Dimension 
ofJ\f = 4: Super Yang-Mills, JHEP 01 (2010) 077, [arXiv : 0908 . 0684 hep-th]. 



-19- 



